We theoretically study dynamic scalar polarizabilities of the ground and select long-lived excited states of dysprosium, a highly magnetic atom recently laser cooled and trapped. We demonstrate that there are a set of magic wavelengths of the unpolarized lattice laser field for each pair of states which includes the ground state and one of these excited states. At these wavelengths, the energy shift due to laser field is the same for both states, which can be useful for resolved sideband cooling on narrow transitions and precision spectroscopy. We present an analytical formula which, near resonances, allows for the determination of approximate values of the magic wavelengths without calculating the dynamic polarizabilities of the excited states.
I. INTRODUCTION
The dysprosium atom has many unique features which makes it useful for studying fundamental problems of modern physics. This is a heavy atom which has many stable Bose and Fermi isotopes (from A = 156 to A = 164) and a pair of almost degenerate states of opposite parity at E=19798 cm −1 . These features were used in study of the parity non-conservation (PNC) [1] [2] [3] [4] [5] and possible time-variation of the fine structure constant [6] [7] [8] [9] [10] [11] [12] .
Fermionic Dy has the largest magnetic moment among all atoms, and only Tb is as magnetic as bosonic Dy. This opens important opportunities in studying strongly correlated matter when gases of Dy atoms is cooled to ultracold temperatures [13] . Recent progress in Doppler and sub-Doppler cooling is an important step in this direction [13] [14] [15] [16] [17] . In addition to narrow-line magneto-optical trapping (MOT) [18] , further cooling on narrow optical transitions might be possible using resolved-sideband cooling [19, 20] .
In this method, vibrational states of the atom may coupled such that successive photon absorption and spontaneous emission cycles reduce the vibrational quanta by one, until the atoms are in the motional ground state of their optical potential [19] . It is important that this resolved-sideband cooling is performed at magic wavelength of the laser lattice field [21, 22] . At this wavelength, the energy (AC Stark) shift due to laser field is the same for both states used in the cooling. This results in a trap potential that is the same for both states, and optical transitions between vibrational states can be well resolved. This allows spectral selection of cooling transitions-those which remove one vibrational quanta-without contamination by heating transitions which add vibrational quanta. Other benefits to optical trapping at magic wavelengths include enhanced precision spectroscopy and longer-lived quantum memory for quantum information processing (QIP) [21] .
In this paper we calculate dynamic polarizabilities of the ground and three long-lived excited states of Dy and present a number of magic wavelengths for the transitions between them. We also present an analytical formula which allows the determination of approximate values of the magic wavelengths near resonances without calculating the dynamic polarizabilities of excited states. The optical field is assumed to be unpolarized, though we estimate that polarization would induce only small shifts in the magic wavelengths.
II. CALCULATIONS

A. Ab initio calculations
The dynamic scalar polarizability α a of atomic state a is given by (we use atomic units:h = 1, m e = 1, |e| = 1)
where J a is total momentum of state a, E a is its energy, D = − i r i is the electric dipole operator. Summation goes over complete set of excited states n. We use the relativistic configuration interaction (CI) technique described in our previous papers [5, 11, 23] to perform the calculations. The single-electron and manyelectron basis sets, the fitting parameters and other details of present calculations are exactly the same as in Ref. [5] . This simple method provides a good accuracy for low lying states of a many-electron atom. However, it does not allow for the saturation of the summation in Eq. (1) over a complete set of many-electron states. On the other hand, the contribution of the higher-lying states in the dynamic polarizability does not depend on frequency at small frequencies. Therefore, for small frequencies we can rewrite Eq. (1) as
where the summation is over a limited number of lowlying near-resonant states and a constantα a is chosen in such a way that Eq. (2) at ω = 0 provides the correct value of the polarizability. Dysprosium ground state static polarizability is known to be 166 a 3 B [24] . Static polarizabilities of excited states are not known and need to be calculated. We use an approximate approach in which the dysprosium atom is treated as a closed-shell system and the effect of electron vacancies in the open shells is taken into account via fractional occupation numbers. The static polarizability of a closed-shell system is given by
where the summation is over a complete set of singleelectron states including states in the core (c) and states above the core (n). Electric dipole matrix elements are calculated using relativistic Hartree-Fock and HartreeFock in external field approximations [25] . Note that core polarization needs to be included only in one of two electric dipole matrix elements in (3) (see, e.g., Ref. [26] for details). We use the standard B-spline technique [27] to generate a complete set of single-electron states. An additional term is included into the Hartree-Fock Hamiltonian to simulate the effect of correlations. This term has the form
where r 0 is a cut-off parameter (we use r 0 = 1 a B ) and d is dipole polarizability of the core. We treat c as a fitting parameter and chose it to fit the known polarizability of dysprosium's ground state (166a
Then we perform similar calculations for the excited states of the 4f 9 6s 2 5d configuration, resulting in a calculated value of the static polarizability of 114 a 3 B . Note that this approach does not distinguish between different states of the same configuration. Therefore, static polarizabilities of all these states are assumed to be equal. This is only true for the static polarizabilities. Dynamic polarizabilities are different for different states due to contributions of the near resonant states in Eq. (2) .
In the present paper we consider dynamic polarizabilities of four states of dysprosium: the even ground state (GS) and three odd long-lived excited states. [28] optimal for creating a narrow-line MOT. States O2 and O3 could also be useful for resolvedsideband cooling, as discussed below.
We calculate dynamic polarizabilities using the Eq. (1) in which we substitute transition amplitudes found from the CI calculations [5] and experimental energies. We use theoretical values in the few cases where experimental energies are not available. Tables I and II show Figures 1, 2 and 3 show dynamic polarizabilities of three pairs of states: GS and O1 (Fig. 1 ), GS and O2 (Fig. 2 ) and GS and O3 (Fig. 3) . Lines crossing means that energy shifts of two states in a laser field are identical, and atoms have the same oscillation frequency in optical dipole traps at this wavelength regardless of whether they are in their ground or excited state. These so-called magic wavelengths occur most often very close to narrow resonances.
B. Simple estimations
In this subsection we present a way of estimating magic wavelengths for complex atoms in the vicinity of narrow resonances. Although, all magic wavelengths presented in this work are found by the many-body calculations, the formulas of this subsection can be used to find more magic wavelengths for dysprosium or to find magic wavelengths for other complex atoms. We demonstrate that many-body calculations and simple estimations give close results.
In the case of a narrow resonance, energy denominator in Eq. (1) is close to zero. This makes it possible to write an approximate formula for the magic frequency corre- sponding to this wavelength. Starting from the condition
and presenting dynamic polarizability of the excited state in the vicinity of the resonance n in the form
we arrive at the following expression:
, where ω n = |E a − E n | is the resonance frequency, n is the resonance number, a||D||n is the electric dipole transition amplitude from the excited state a to the resonance state n, and α GS (ω n ) is the scalar polarizability of the ground state at ω n . Note that ω n is the resonance frequency for the upper state, and the polarizability of the ground state usually changes very little in the vicinity of the ω n 's. In case of two closely spaced resonances in the upper state polarizability, magic frequencies in the vicinity of resonance energies E 1 and E 2 can be found using approximate formula
where
Here,
One does not need to know dynamic polarizability of an excited state to find magic frequencies using Eqs. (7) or (8) . However, one still needs to know the dynamic polarizability of the ground state and the relevant transition amplitudes. An approximate solution can be found using the following rules:
• The dynamic polarizability of the ground state is fitted very well within energy interval from 0 to 0.05 a.u. by
We keep here numerical parameters for the dominant contribution to α GS , which is due to the transition to the 421-nm state with energy E= 23737 cm −1 = 0.10815 a.u. This transition dominates due to the largest value of the transition amplitude: a||D||n =12.277 a.u. (see Table I ). The last two terms in Eq. (10) fit the contribution of all other transitions in the energy interval 0 < ω < 0.05 a.u. Resonances within this interval are ignored since they are too narrow for any practical importance.
• Transition amplitudes can be estimated using approximate selection rules. If the difference of the total angular momentum L between two states is larger than 1, or if total spin S of the states is not equal, then the amplitude is not zero due to relativistic corrections but is likely to be small. One can use for a rough estimate A=0.1 a.u. A similar estimation can be used if the transition is suppressed by configuration mixing, i.e. the transition between leading configurations cannot be reduced to a single-electron allowed electric dipole transition. If no selection rules are broken, the amplitude is likely to be large and one can use A=3 a.u. as a rough estimate.
• Polarizability of the excited state at zero frequency can be estimated using Eq. (1) with experimental energies and with the amplitude estimated using the procedure in the previous paragraph.
This procedure can help in estimating magic wavelengths not only for the transitions considered in present paper but also for some other transitions. The main condition for it to work is that magic wavelength should be close to a resonance so that resonance term dominates in Eq. (1).
III. RESULTS Table III shows the magic wavelengths and corresponding polarizabilities for the three transitions in Dy. We substitute calculated transition amplitudes from Table II to the close states of the 4f 9 6s 2 6p 1/2 configuration at E = 20614 cm −1 and E = 20789 cm −1 . Using formulas (8-9) gives a very accurate estimate of the magic frequency (see Table III ). It is interesting to note that there is a frequency interval for the GS-O1 transition where polarizabilities of two states come very close to each other but don't cross: δα/α ≤ 2% for 12121 < ω < 12183 cm −1 .
The magic wavelengths λ = 780 and 1026 nm for the GS-O2 transition and λ = 1468 nm for GS-O3 do not correspond to any very-close resonance, and the values of the polarizabilities coincide by chance rather than due to a resonance. Therefore, these magic wavelengths are the least sensitive to laser frequency fluctuations and are most promising for resolved-sideband cooling, precision measurement, and QIP applications. The GS-O2 transition magic wavelengths can be reached with high optical power using a Ti:sapphire or tapered amplified diode laser for 780 nm and diode laser or fiber laser for 1026 nm. The GS-O3 transition magic wavelength at 1468 nm could be reached with a low-power diode laser, which could perhaps be doped-fiber amplified, and the 1029-nm wavelength could be reached with a fiber laser.
Future work will explore the role of laser polarization on the magic wavelength position. Such a calculation is beyond the scope of this present work, but we estimate that the shifts will be small since the magic wavelengths for unpolarized light occur in proximity to resonances.
Optical dipole traps at these wavelengths, far from the broad Dy transitions, would be suitable for lattice confinement in the Lamb-Dicke regime without undue heating. For example, 1D lattice confinement at the 780-nm magic wavelength with 0.5 W provides ample trap depth with sub-1 Hz scattering rates. With larger laser intensities, suitable trap depths and low scattering rates can be achieved at the other magic wavelengths. Vibrational spacing can be many tens of kHz, which is large enough for resolved-sideband cooling on the 2 kHz-wide 741-nm transition [28] . For rapid cooling, the 50 Hz-wide 1001-nm transition-much narrower than any trap frequencies in a typical 3D optical lattice-would need to be broadened via a quenching transition [22] , and the optical dipole trap magic wavelength would need to be adjusted to compensate the Stark shift from the quenching laser. Resolved-sideband cooling on these narrow transitions in a 3D optical lattice may provide an alternative route to quantum degeneracy [29] versus evapora-tive cooling, which may fail due to (as yet unmeasured) unfavorable scattering properties in this highly dipolar gas.
